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We proposea computational and theoretical framework for analyzing rapid coevolutionary dynam-
ics of bacteriophage and bacteria in their ecological context. Bacteriophage enter host cells via
membrane-bound surface receptors often responsible for nutrien t uptake. As such, a selective pres-
sure will exist for the bacteria to modify its receptor con¯guration and, in turn, for the phage to
modify its tail ¯b er. A mathematical model of these trait adaptations is developed using the frame-
work of adaptiv e dynamics. Host strains di®er in their e±ciency of resourceuptake and resistance
to phage while phage strains di®er in their host-preference for adsorption. We solve the evolution-
ary ecology model and ¯nd the conditions for coevolutionary branching and relevant dimensionless
parameters leading to distinct quasispecies. We con¯rm thesecalculations via stochastic Monte Car-
lo simulations of populations evolving in a chemostat with ¯xed washout rate and in°o w resource
density. We ¯nd that multiple quasispeciesof bacteria and phage can co-exist in a homogeneous
medium with a single resource. When diversi¯cation occurs, quasispeciesof phageadsorb e®ectively
to only a limited subset of the total number of quasispeciesof bacteria, i.e.,, functional di®erences
between quasispecies arise endogenously within the evolutionary ecology framework. Finally , we
discuss means to relate predictions of this model to experimental studies in the chemostat, using
the model organisms E. coli and the virulen t strain of ¸ {phage.

I. INTR ODUCTION

Over forty years ago the in°uential ecologist
G. E. Hutchinson proposed \the paradox of the plank-
ton [34]." Many phytoplankton speciesare functionally
equivalent and live in well-mixed pelagic environments,
or so the paradox contends. As such, their diversity
should be limited by the inevitable competitiv e advan-
tage possessedby a small number of types. However,
phytoplankton diversity is observed to be many ordersof
magnitude greater in natural samples[57] than predicted
by the theory of competitiv e exclusion [4].

This gap betweentheory and empirical data has been
debatedwidely in the literature, and Hutchinson himself
o®ereda number of ecologicalscenariosthat purport to
resolve the paradox [34]. These scenariosinclude spa-
tial heterogeneity in the environment, symbiotic inter-
actions and predation, temporal switching in compet-
itiv e strategies, as well as the catalytic e®ect of pre-
dation. These scenariosconstitute a suite of possible
approaches for resolving the paradox of the plankton as
well as the fundamental question, why are there somany
species [29, 35]? The accelerating scienti¯c interest in
studies of biodiversity in the intervening decadesre°ects
the importance of this (increasingly practical) problem
in evolutionary ecology.

In this paper, we develop a quantitativ e framework
to addressaspects of the generation and maintenanceof

¤ Electronic address: jsweitz@princeton.edu ; URL: http://www.
eeb.princeton.edu/~jsweitz
yElectronic address: hhartman@mit.edu
zElectronic address: slevin@eno.princeton.edu

diversity in microbial systems. Typical aquatic samples
contain bacterial densities on the order of 107ml¡ 1 [53]
and there is evidencethat viral density is at least that
high [57]. These densities support a diversity of strains
whoseestimation posesa di±cult experimental aswell as
theoretical problem [33]. Nonetheless,there is an emerg-
ing consensusthat there are many, perhaps millions, of
uncultured and as yet unidenti¯ed strains of bacteria
and phage [55]. The presenceof this diversity re°ects
the mutation-selection balanceof neutral or near-neutral
changes in the individual genomesas well as function-
al di®erencesin the response of bacteria and phage to
their environments [2, 52]. The environments bacteria
and phage respond to include each other, thus, a theo-
ry of the generationand maintenanceof diversity should
account for the evolutionary and possibly coevolutionary
changesamong bacteria and bacteriophage.

Previous theoretical models of coevolutionary dynam-
ics [10, 22] of host-parasite interactions have not yet
been applied to systemswith °uctuating resourcessuch
as aquatic environments and the many experimental
studies of coevolution of bacteria and bacteriophage in
the chemostat [8, 9, 13, 28, 45, 50]. Coevolutionary
models designed for analysis of bacteria-bacteriophage
communities have consistedof verbal mathematical con-
structs [46, 47, 57] or explicit calculations of the pair-
wise ¯tness of an invading mutant with respect to a sin-
gle resident wild-t ype [48]. In many of these models,
an assumption is made that the interaction of bacte-
ria and bacteriophage rely on exclusive lock-key mech-
anisms. The biological basis for such an assumption is
that bacteriophageinsert their DNA into a host cell via
membrane-bound surfacereceptors often responsible for
nutrient uptake. Distinct tail ¯b ersof bacteriophage(the
key) are then presumedto adsorb exclusively to distinct
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conformations of a surfacereceptor (the lock). Changes
in the conformation of the surfacereceptor, amongother
possiblephenotypic changes,drive concomitant changes
in the conformation of tail ¯b ers. A possible outcome
of such pairwise changes is the generation of a com-
pletely resistant bacterial host for which no host-range
phage mutant exists [38, 40]. Yet, the collapse of the
host-parasitoid interaction web is by no meansinevitable.
Recent studiessuggestthe sustainability of complexhost-
parasitoid webs[45]. An alternativ e view of bacteria and
bacteriophage interactions is that of an imperfect lock-
key mechanism, for which every tail ¯b er may adsorb to
multiple receptor con¯gurations, though not with equal
e±ciency. Likewise, a single receptor may be sensitive
to adsorption by multiple tail ¯b ers. Such a mechanism
is likely to occur whenever there are severely deleteri-
ous consequencesfor the ¯tness of a bacterium mutant
whosesurface receptor is severely altered or eliminated
altogether. Strong empirical support for such a view is
found in the caseof the interaction betweenE. coli and
¸ {phage [15, 30, 56]. The theoretical model presented in
this manuscript addressesthe caseof imperfect lock-key
mechanisms.

We begin our analysis by proposing a conceptual
framework that involves an ecologicalmodel, an evolu-
tionary model, and a means to couple this pair of pro-
cesses. The ecological model describes the population
dynamics of bacteria and virulent phage in continuous
culture. The evolutionary model describes the changes
in phenotypic trait spacethat control host resourcecon-
sumption and phageadsorption. A coupledevolutionary
ecology model with a speci¯ed set of testable assump-
tions is then solvedvia the techniquesof adaptivedynam-
ics [21, 31], leading to the conditions for coevolutionary
diversi¯cation. The major assumption of the conceptu-
al model is that bacteria cannot completely block the
infection of phage without also losing their abilit y to
uptake resources. Assuming small, but ¯nite, rates of
mutagenesis,we also usestochastic simulations to assess
the dynamics of coevolution and diversi¯cation in multi-
strain communities of bacteria and bacteriophage.Final-
ly, we discussthe implications, for future coevolutionary
studies, of prior work on the speci¯c genetic loci a®ect-
ing adsorption and uptake in the model organismsE. coli
and the virulent strain of ¸ {phage.

I I. COEV OLUTION MODEL OF
BA CTERIA-BA CTERIOPHA GE INTERA CTIONS

Recent advances in studies of coevolution suggest
means to integrate ecological interactions into a coevo-
lutionary framework [19, 20, 24, 25]. The system we
present describes coevolutionary changes in phenotyp-
ic traits; it consistsof an explicit trait-driv en ecological
model and a phenotypic model of trait changesin a con-
tinuous trait space.A schematic of the linkagesbetween
the analytical techniques and the stochastic simulations

FIG. 1: A schematic of the linkages between the ecological
model of population dynamics, the trait model describing
resourceuptake and adsorption of phage, and the theoretical
and numerical approachesfor analyzing the evolutionary ecol-
ogy. Note that adaptiv e dynamics is the limit of the evolution-
ary ecology in the small-mutation limit, results from which
are combined with biological parameters to guide stochastic
simulations of coevolutionary dynamics of bacteriophage and
bacteria in the chemostat.

is contained in Figure 1.
The ecological model we consider in this paper is

similar to mean ¯eld theories of predator-prey dynam-
ics [1, 6, 18] and is a standard variant of the popula-
tion dynamics of lytic phage and bacteria [5, 39, 41]
in a chemostat [49]; more details may be found in
Appendix A. The change in densities of resource(R),
bacteria (N ), and bacteriophage (V ), depend on phe-
notypic traits that determine uptake of nutrients and
adsorption of phage. We denote the trait of the bacteria
by x and the trait of the phageby y. Thesephenotypic
traits, x and y, are one-dimensionalapproximations to
the state spaceof the underlying coevolutionary dynam-
ics occurring on what is presumably a large, but ¯nite,
number of possible types of bacteria and phage strains,
respectively. The population dynamics can be written as
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dR
dt = ¡ ! (R ¡ R0) ¡ ²° (x) R N

R + K ;
dN
dt = ¡ ! N + ° (x) R N

R + K ¡ Á(x; y)N V;
dV
dt = ¡ ! V + ¯ Á(x; y)N V:

(1)

This system, given a reasonablechoice of parameters,
possessesa non-°uctuating steady state with coexisting
bacteria and phage; the derivation of the equilibrium
state and its stabilit y may be found in Appendix A. The
relevant point for the evolutionary model is that the max-
imal growth rate ° (x) dependson the phenotypic trait of
the bacteria, while the adsorption rate Á(x; y) depends
on the phenotypic traits of both the bacteria and the
bacteriophage. Note that K and ¯ are also potential-
ly evolvable phenotypic traits of the bacteria and phage,
respectively, however they will be held constant for the
sake of mathematical tractabilit y.

We posit the following functional forms for the depen-
denceof the maximal growth rate, ° (x), and the adsorp-
tion rate, Á(x; y), on the phenotypic traits,

° (x) = ° 0e
¡ ( x ¡ x 0 ) 2

2»2
n (2)
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and

Á(x; y) = Á0e
¡ ( x ¡ y ) 2

2»2
v : (3)

Biologically, the form of ° (x) implies that there is an opti-
mal con¯guration for maximal resourceuptake, x = x0,
and hencean opportunit y for a trade-o®betweenresource
uptake and phage avoidance; without loss of generali-
ty we will assumex0 = 0. The form of Á(x; y) implies
that for every bacterial strain x there is a phagestrain y
that maximizes the strain-speci¯c adsorption rate. The
parameter »n is the stable uptake range of hosts, in the
model it is de¯ned as the range of possiblehost pheno-
typeswhosemaximal growth rate is within e¡ 1=2 of the
maximum for all phenotypes. The parameter »v is the
host range of phage, in the model it is de¯ned as the
range of possible host phenotypes for which any given
phage has an adsorption rate within e¡ 1=2 of its maxi-
mal adsorption rate.

In this model, new strains continually die or out-
compete wild-t ypes, possibly drive entire classes of
strains to extinction, and give rise to coexistence of
multiple types. The mechanism for the intro duction of
mutant strains is straightforward. For example,a mutant
bacteria with trait x0 appears in the system at a rate
¹ n Bn (x; y), where ¹ n is the mutation probabilit y and
Bn (x; y) is the birth rate of the resident bacteria. The
mutant can invade only when its ¯tness when rare is
positive, r 0

n (x0; x; y) > 0, for which it has a probabilit y
p = 1 ¡ m=b of avoiding the stochastic loss of bene¯cial
mutations, where m is the per capita death rate and b is
the per capita birth rate. When a mutant invades, the
ecologicalmodel in Eq. (1) is expandedby an additional
equation, corresponding to the dynamics of the mutant
host population, N 0. The intro duction of mutants on
evolutionary time scaleswith di®erent trait values, x0

and y0, in turn modi¯es the ecologicalmodel in Eq. (1).
An analogousprocessholds for the invasion by mutant
phage.

I I I. ANAL YTICAL RESUL TS ON
DIVERSIFICA TION AND CO-EXISTENCE

It has been shown elsewhere [21] that under the
assumptionsof rare and small mutations for an ecologi-
cal model with a ¯xed-p oint equilibrium the evolution of
traits obeys the following dynamics

dx
dt

=
1
2

¹ n ¾2
n ½n (x; y)

Ã
@r 0

n (x0; x; y)
@x0

!

x 0= x

; (4)

dy
dt

=
1
2

¹ v ¾2
v ½v (x; y)

Ã
@r 0

v (y0; x; y)
@y0

!

y0= y

: (5)

In these equations ¹ is the mutation probabilit y, ¾2 is
the variance of the mutation kernel in trait space,½is
the equilibrium population size and r 0 is the ¯tness of

a mutant when rare; in all casesthe subscripts n and
v denote parameters associated with the bacteria and
phage respectively. In the chemostat model under con-
sideration the dynamics of a mutant bacteria population
N 0 that invadeswhen rare is

dN 0

dt
= N 0

µ
¡ ! + ° (x0)

R
R + K

¡ Á(x0; y)V
¶

(6)

and an analogousequation holds for a mutant phagepop-
ulation. The ¯tness of the mutant, r 0

n , is equal to the
term in large parenthesesin Eq. (6) where the valuesof
R and V are replacedby steady-state values for a given
x and y. The ¯tness of bacteria and phagemutants can
be written as

r 0
n = !

³ ° (x0)
° (x)

¡ 1
´

+ Vc

³ Á(x; y)° (x0)
° (x)

¡ Á(x0; y)
´

;(7)

r 0
v = !

³ Á(x; y0)
Á(x; y)

¡ 1
´

; (8)

respectively, where Vc is the steady-state phage density
derived in Eq. (A10). The pair of equations, Eqs. (4)
and (5), constitute a two-dimensional coevolutionary
°ow in trait space. Given kn ´ ¹ n ¾2

n ½n (x; y), kv ´
¹ v ¾2

v ½v (x; y), two casesare relevant: (i ) Limit of fast
viral mutagenesis, kv À kn > 0; (ii ) General case,
kn ; kv > 0. A summary of results for these two cas-
es are included below; more details may be found in
Appendix B.

When kv À kn the sequenceof evolutionary adapta-
tions consists of viral adaptations toward an evolution-
ary ¯xed point followed by bacterial adaptations, etc.
This ¯xed point occurs unsurprisingly at x = 0, i.e., at
the optimal state for resourceuptake. The evolutionary
branching criterion at the ¯xed point (x = 0; y = 0),

»n

»v
>

r
1 +

!
Á0Vc

; (9)

requires that the stable uptake range of hosts exceed
the host range of phage, where the secondterm under
the squareroot of Eq. (9) expressesthe degreeto which
ecologicalconditions modify the physiological control of
diversi¯cation. Thus we ¯nd two important dimension-
lessratios controlling the dynamics: (i) the ratio of stable
uptake range to host range; and (ii) the ratio of washout
rate to maximal adsorption rate per unit host. This sys-
tem of coevolutionary dynamics may also be shown to
be convergencestable. Whenever the evolutionary ¯xed
point is not an ESS, the system should undergo evolu-
tionary branching.

The general caseof arbitrarily scaled trait evolution
rates, kn and kv , is not always consideredin the adap-
tiv e dynamics literature; however see[23, 37, 43, 44]. In
higher dimensions(such as in coevolutionary dynamics)
the asymptotic stabilit y of an evolutionary ¯xed point
(xc; yc) is determined by the Jacobianof the dynamics in
trait space[18] (seeAppendix B for more details). Eval-
uation of the Jacobian leadsto an algebraiccondition for
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FIG. 2: An evolutionary-rate controlled switch betweencycli-
cal trait changesand convergenceto the ¯xed point (0; 0) in
a dimensionless x ¡ y trait-space domain [43]. The coupled
ODEs of Eqs. (4) and (5) were numerically integrated with
»n =»v = 4, Á0Vc=! = 0:25, along with kn =kv = 6:25 (dashed)
and kn =kv = 4:56 (solid).

a co-ESS,»n =»v <
q

1 + !
ÁVc

, the sameasthe ESScondi-

tion in the caseof fast viral mutagenesis.However, when
this condition is not satis¯ed, the criterion for branching
becomes

µ
»v

»n

¶ 2

>
! =(Á0Vc) ¡ kv =kn

! =(Á0Vc) + 1
: (10)

Hence, the relative trait evolution rate, kn =kv , acts,
in concert with the previously identi¯ed dimensionless
ratios, ! =(Á0Vc) and »n =»v , asa switch betweencoevolu-
tionary branching and no coevolutionary branching.

In summary, when the rate of trait evolution is
unknown, the conditions for distinguishing between co-
ESSand coevolutionary branching regimesaremorecom-
plex than in the caseof fast viral mutagenesis. For the
chemostat model presented in this paper, the condition
for the co-ESSis independent of the ratio of trait evolu-
tion rates. When the evolutionary ¯xed point is not a co-
ESS then, in general, it may exhibit evolutionary diver-
si¯cation or evolutionary cycles (\Red Queen" dynam-
ics [54]) dependingon the relative rateskn =kv . There will
be a critical value for large enoughratios, kn =kv , where
the system no longer undergoes coevolutionary branch-
ing as part of the coevolutionary dynamics. We show in
Figure 2 a typical pair of tra jectories for the numerical
solutions of the coupled ODEs in Eqs. (4) and (5). The
convergenceto the evolutionary ¯xed point implies the
potential for diversi¯cation.

IV. NUMERICAL SIMULA TIONS OF
COEV OLUTION IN A CHEMOST AT

Stochastic simulations of coevolution in the chemostat
are conducted for biologically meaningful parameters.
Simulations are conductedby integrating in time a multi-
strain variant of the population dynamics described in
Eq. 1:
8
>><

>>:

dR
dt = ¡ ! (R ¡ R0) ¡

P
i ²° (x i ) R N i

R + K ;
dN i
dt = ¡ ! N i + ° (x i ) R N i

R + K ¡
P

j Á(x i ; yj )N i Vj ;
dVi
dt = ¡ ! Vi +

P
j ¯ Á(x j ; yi )N j Vi :

(11)

Every bacteria population hasa trait valuex i and density
N i ; likewiseevery phage population has a trait value yi
and density Vi . Thesetraits are coupled to uptake, ° (x),
and adsorption, Á(x; y) via the trait model de¯ned in
Eqs. (2) and (3).

Event-driv en simulations of population dynamics stop
under two conditions: the extinction of a strain or a
mutation event. An extinction of a strain occurs when
the population passesbelow somecritical threshold. The
strain is then removed from the coupled system of ordi-
nary di®erential equationsin Eq. (11) and the integration
is allowed to proceed. A mutation event occurs at a rate
that scaleswith the birth rate. Every mutant possessesa
trait value equal to its mother strain plus a normal devi-
ate. The probabilit y of successof a mutant, p, depends
on its ¯tness according to the standard formula for the
survival of a branching processwith death rate m and
birth rate b, p = 1 ¡ m=b [36]. For the bacterial strains,
mi = ! +

P
j Á(x i ; yj )Vj and bi = ° (x i )R=(R + K ), while

for the phagestrains, m i = ! and bi =
P

j ¯ Á(x j ; yi )N j .
Successfulmutants remain in the population and so the
number of strains is a dynamic variable responding to the
evolution of traits and the population densities. Numer-
ical simulations are conducted for small mutation prob-
abilities 10¡ 6 < ¹ n ; ¹ v < 10¡ 4 and normally distributed
trait changes,0:001< ¾n ; ¾v < 0:1. Biological parameter
valuesare derived from the literature [5, 41] and included
in Table I. These parameter values permit the presence
of bacteria-phage coexistence at the evolutionary ¯xed
point, as derived in the Appendix A.

The principal result of numerical simulation is that
multi-strain coexistence is possible when the stable
uptake range of hosts exceedsthe host range of phage,
»n > »v

q
1 + !

ÁVc
. We examine the relationship between

quasispeciesnumber and the ratio »n =»v for a given set
of biological parameters. Using the consideredparam-
eters and steady-state population densities at the evo-
lutionary ¯xed point (x = 0; y = 0), the diversi¯cation
condition for the adaptive dynamics model is »n > 2:2»v .
In Figure 3 a sequenceof bifurcations is clearly visible
as »n exceeds»v near the value predicted by the theo-
ry of adaptive dynamics. The sequenceof bifurcations
occurs as a single phageand bacterium quasispeciesare
replacedby two bacteria and onephagequasispeciesand
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Parameter De¯nition Value

! Washout rate 0.2 hr ¡ 1

R0 Resourcedensity 2.2 ¹ g/ml

² Resourceconversion rate 2:6 £ 10¡ 6 ¹g /cell

° 0 Maximal growth rate 0.738 hr ¡ 1

Á0 Maximal adsorption rate 6:24 £ 10¡ 8 ml/(hr ¢cell)

K Half-saturation constant 4 ¹ g/ml

¯ Burst size 71

TABLE I: A list of parameters and values for stochastic sim-
ulation of Eq. (11).

then, as the ratio is increased,multiple numbers of each.
Thus, the presenceof phageacts asa catalyst that drives
hoststo diversify in an e®ortto escape infection, which in
turn provides an incentiv e for phageto diversify to track
the hosts. However, when »n < »v , a host is unable to
diversify beyond the reach of the host-rangeof phageand
the coevolution is limited to trait changesalong an evo-
lutionary tra jectory with a single bacterial quasispecies
and a single viral quasispecies. It is important to note
that multi-strain coexistenceis not possiblein this mod-
el without the phage,sincethere is a single optimum for
resourceuptake.

The signi¯cance of this result is that more than one
sequenceof coevolutionary branching occurs. Due to the
complexity of the analytical derivations for the multi-
strain case,weareonly able to demonstratethis phenom-
enavia numerical simulation. Although the total number
of distinct strains is in the hundreds,as in Figure 4, they
are easily clustered into phenotypically distinct quasis-
pecieswhich persist stably through time. The contin-
ual generation of strains does not preclude the mainte-
nance of structured quasispecieswhich function in dis-
tinct ways. For example, in Figure 4 the three quasis-
peciesof phageadsorbpreferentially to a respective qua-
sispeciesof bacteria. Interestingly, those bacteria strains
which are the least e±cient at the uptake of resources
are the most abundant as a consequenceof experiencing
lower levels of phage-inducedmortalit y.

V. DISCUSSION

The diversi¯cation of forms and types in the natural
world are a result of evolutionary forcesacting upon and
within ecological communities. Theoretical analysesof
diverse communities should therefore take the perspec-
tiv e of evolutionary ecology. In the present study of
coevolutionary arms races, bacteria and bacteriophage
are distinguished by state variables that determine their
interactions with the environment and with each oth-
er. The particular choice of functional forms describing
the interactions implies that not every phage can infect

1.5 2 2.5 3 3.5 4
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FIG. 3: Results from stochastic simulations of an evolutionary
chemostat model with parameters as described in Table I. In
this case,the ratio of the stable uptake range of hosts to the
host-range of phage, »n =»v , varies from 2 to 3.6. The dimen-
sionlessratios are Á0Vc=! = 0:25 and kn =kv = 0:056. The y-
axis depicts the steady-state trait values for bacteria (circles)
and phage (diamonds). The depicted strains are those with
at least 1% of the total bacteria or phage population, respec-
tiv ely. The ¯gure shows a successionof bifurcations leading
to multistrain coexistence. The strains group naturally into
distinct clusters of quasispecies.

every host equally well. In addition, avoiding infection
of viruses by bacteria comeswith a trade-o® in terms of
the host bacteria's uptake of resources[7]. Given these
coreassumptions,the coevolutionary dynamics may lead
to stable ¯xed points, \Red Queen" cycling, as well as
diversi¯cation leading to multi-strain coexistence.Diver-
si¯cation occurs despite the fact that the evolutionary
ecology model of the bacteria-resourcesystem can sus-
tain, at most, a single bacterial strain. The presenceof
phage allows the system to diversify, and hence escape
the limit on total strain number otherwise set by the
theory of competitiv e exclusion, a result found in other
host-parasite systemssuch as [12].

The analytical conditions presented in Eqs. (9)
and (10) demonstratethe importanceof three dimension-
lessratios in determining the likelihood of coevolutionary
diversi¯cation: (i) ratio of stable uptake range of hosts
to host rangeof phage,»n =»v ; (ii) relative mutation rate,
kn =kv ; and (iii) ratio of phage-independent to phage-
dependent mortalit y rate, ! =(Á0Vc). As simple rules of
thumb, diversi¯cation is promoted when ratio (i) is high
and ratios (ii) and (iii) are low. We have demonstrated
the plausibilit y of detecting a coevolutionary arms race
leading to diversi¯cation by analytical calculations as
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FIG. 4: Results from stochastic simulations of an evolution-
ary chemostat model with parameters asdescribed in Figure 3
using »n =»v = 3:6. Relativ e population density of bacteria N
(circles) and phage V (diamonds) are plotted as a function of
their trait values, x and y respectively. There are three qua-
sispeciesof bacteria and three of phage, despite the presence
of 27 bacteria strains and 185 phage strains.

well as via explicit numerical simulations of coevolution
in a chemostat. Presumably, mortalit y rates and muta-
tion rates may be manipulated by changing experimental
conditions. Yet testable quantitativ e predictions require
estimatesof »n and »v , respectively. The former may be
estimated by an assay of mutant strains with altered sur-
facereceptors,the latter by standard techniques. Also of
interest for comparisonwith theory is the determination
of the structure of the \resourceuptake"-\phage evasion"
tradeo®.

The question of experiments is relevant to a broader
aim of this paper. The coevolution of bacteria and bac-
teriophage in chemostat environments have beenstudied
in a number of systems;a representativ e sampleof work
may be found in [8, 9, 13, 28, 45, 50]. Typically, mutant
bacteria arise that are partially or completely resistant
to the phage. Phage may then mutate concurrently to
track the mutant host strains, or decreasedramatical-
ly in population density if no host-rangephagemutants
arise [40]. Bacteria whosemembrane receptor for uptake
of an available carbon sourceis distinct from the receptor
utilized by phageare able to develop complete resistance
in chemostat studies and hencestop the coevolutionary
arms race altogether.

In contrast, the association between E. coli and the
virulent strain of ¸ {phage forms an ideal model sys-
tem for the study of coevolutionary dynamics. ¸ {phage
infects E. coli through the LamB receptor [14, 51]. If
E. coli is cultured continuously in a chemostat with min-

imal media whosecarbon sourceis maltose, then in prin-
ciple there will be the opportunit y to observe coevolu-
tionary changes in both bacteria and phage. In fact,
one experiment has already observed evidence of such
changes [50], though only two concurrent strains were
observed at any single observation. Bacteria strains
should evolve di®erent receptor moieties to avoid infec-
tion by phage while still accepting maltose. Likewise,
phageshould evolve di®erent tail ¯b er conformations to
adsorb,presumably non-exclusively, to alternativ e recep-
tor types. Previous cross-adsorptionstudies of mutants
of ¸ {phage with lamB mutants show a consistently non-
exclusive lock-key pattern [30]. In addition to traditional
uptake and strain-speci¯c adsorptivit y studies [32, 42],
genetic analysis may aid in determining the degree to
which the lamB genein E. coli and the small number of
tail ¯b er genesin ¸ {phage undergo coevolution-induced
selection.

Experiments that take place in the chemostat may be
conducted under varying in°ow rates, resourcedensity,
and systemsize. A major theoretical challengeleft unre-
solved by the present work is a systematic study of the
evolutionary stable number of co-existing strains for any
givensetof parameters. Is there a regimewherethe num-
ber of types increasesin an unbounded fashion, limited
only by system size? How do the present results gener-
alize to systemswhere the stable uptake range of hosts,
»n , or the host-rangeof phage,»v , are evolvable charac-
ters subject to selective pressures[3, 27]? Results such
as these would be invaluable in directing experimental
work toward distinct coevolutionary regimes. It is quite
possiblethat unobserved diversity in chemostat coevolu-
tion experiments is waiting to be uncovered by modern
genetic techniques [2, 16, 17, 26, 55]. We hope this work
proves useful in providing a framework for understand-
ing and testing how host-parasitoid interactions lead, in
part, to the generation and maintenance of diversity in
experimental habitats and natural environments.
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APPENDIX A: ANAL YSIS OF ECOLOGICAL
MODEL

We consider the following set of equations describing
the dynamics of resources(R), bacteria (N ), and bacte-
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riophage (V ), in a chemostat with washout rate ! :

dR
dt

= ¡ ! (R ¡ R0) ¡ ²°
RN

R + K
; (A1)

dN
dt

= ¡ ! N + °
RN

R + K
¡ ÁNV; (A2)

dV
dt

= ¡ ! V + ¯ ÁNV: (A3)

The functional form for resourceuptake is generallytaken
to be of the Michaelis-Menten type and phageadsorption
is presumedto be linear in both phageand bacteria den-
sity. Note that theseequationsneglect the time delay in
bacterial division as well as in phage lysis [5, 13]. The
parameters include: R0, resourceinput density; K , half-
saturation constant; ° , maximal growth rate; ², resource
to bacteria conversion e±ciency; ¯ , burst size in terms
of phage to bacteria output; and Á, density-dependent
adsorption rate. Dimensional analysis helps in reducing
the number of parameters. Re-writing all resourcedensi-
ties in terms of R0, bacterial densities in terms of R0=²,
phagedensitiesin terms of R0¯ =², and times in terms of
1=! , the equationsbecome

dR
dt

= ¡ (R ¡ 1) ¡ °
RN

R + K
; (A4)

dN
dt

= ¡ N + °
RN

R + K
¡ ÁNV; (A5)

dV
dt

= ¡ V + ÁNV; (A6)

where the dimensionlessparameters have the following
meanings: ° ! ° =! , K ! K =R0, and Á ! Á¯ R0=(! ²).

The three-dimensional dynamics may be reduced to
two by noting the time derivative of § = 1¡ R ¡ N ¡ V;
is

d§
dt

= ¡ § (A7)

and therefore §( t) = § 0e¡ t : The steady state is § = 0,
and so we use the relation R = 1 ¡ N ¡ V to generate
the simpli¯ed set of equations

dN
dt

= ¡ N + °
(1 ¡ N ¡ V )N
1 ¡ N ¡ V + K

¡ ÁNV; (A8)

dV
dt

= ¡ V + ÁNV: (A9)

The ¯xed points of theseequationsare (0; 0), (1¡ K =(° ¡
1); 0), and (1=Á;Vc) where Vc is the solution to

V 2
c + Vc(1=Á¡ K ¡ ° ¡ 1)+ 1=Á[(1¡ 1=Á)(° ¡ 1) ¡ K ] = 0:

(A10)
We denote these three ¯xed points as E1, E2, and E3,
respectively.

The stabilit y at E1 is determined by a Jacobian,which
hasonestable eigendirection(corresponding to the death
of phagewhenthere areno bacteria) and another eigendi-
rection that is stable whenever ° < 1 + K . When

° > 1+ K then E1 is an unstable saddleand E2 is a pos-
sible equilibrium. The stabilit y of E2 is also determined
by a Jacobian which has one zero o®-diagonalelement,
so that its eigenvalueslie on the diagonal. One is always
negative (corresponding to the stable persistenceof bac-
teria in the absenceof phage)and the secondis negative
whenever 1¡ K =(° ¡ 1) < 1=Á. When 1¡ K =(° ¡ 1) > 1=Á
then E2 is an unstable saddleand, as it turns out, E3 is
a possibleequilibrium.

The analysisof E3 is slightly more complex. Note that
Nc = 1=Á and Vc is a solution to

Vc

Nc
=

° (1 ¡ Nc ¡ Vc)
1 ¡ Nc ¡ Vc + K

¡ 1;

a condition that may be rewritten as

Vc

Nc
(1 ¡ Nc ¡ Vc + K ) = (° ¡ 1)(1 ¡ Nc ¡ Vc ¡

K
° ¡ 1

):

BecauseNc + Vc < 1, the lhs of this equation is always
greater than 0, whereasif Nc + K =(° ¡ 1) > 1 the rhs is
less than zero. For there to be a unique solution, then
1¡ K =(° ¡ 1) > 1=Á, in agreement with the ¯nding that
a transcritical bifurcation occurs via the instabilit y of
E2. The only remaining question is whether or not E3 is
stable and for what set of parameters? The Jacobian is

J =

2

4 J11 J12

J21 J22

3

5 : (A11)

where the matrix elements are the usual derivatives of
the ¯tness:

J11 = ¡ 1 +
° (1 ¡ N ¡ V )

1 ¡ N ¡ V + K
¡ ÁV ¡

° K N
(1 ¡ N ¡ V + K )2 ;

J12 = ¡
° K N

(1 ¡ N ¡ V + K )2 ¡ ÁN;

J21 = ÁV;

J22 = ¡ 1 + ÁN:

The determinant of the Jacobian evaluated at E3 is pos-
itiv e and so the stabilit y dependson the trace,

Tr =
¡ ° K

Á(1 ¡ 1=Á¡ Vc + K )2 ; (A12)

which is always negative. Thus, whenever E3 exists it
is a stable node. E3 is also a globally stable equilibri-
um, according to Dulac's criterion [11]. The real part of
the eigenvaluesof the Jacobian for E3 are negative, but
the imaginary part may exist, leading to damped oscil-
lations toward equilibrium. The conditions for damped
oscillations are the standard result for two-dimensional
systems,4Tr > Det.

APPENDIX B: ANAL YTICAL RESUL TS ON
DIVERSIFICA TION AND CO-EXISTENCE

The method of adaptive dynamics [21, 31] describes
the evolution of traits under the assumptionsof rare and
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small mutations for an ecological model with a ¯xed-
point equilibrium. As noted in Sec. I I I, the dynamics
of trait coevolution may be written as:

dx
dt

=
1
2

¹ n ¾2
n ½n (x; y)

Ã
@r 0

n (x0; x; y)
@x0

!

x 0= x

; (B1)

dy
dt

=
1
2

¹ v ¾2
v ½v (x; y)

Ã
@r 0

v (y0; x; y)
@y0

!

y0= y

: (B2)

For the chemostatmodel in Eq. (1), the ¯tness of bacteria
and phagemutants are

r 0
n = !

³ ° (x0)
° (x)

¡ 1
´

+ Vc

³ Á(x; y)° (x0)
° (x)

¡ Á(x0; y)
´

;(B3)

r 0
v = !

³ Á(x; y0)
Á(x; y)

¡ 1
´

; (B4)

respectively, where Vc is the steady-state phage density
derived in Eq. (A10). Denoting kn ´ ¹ n ¾2

n ½n (x; y) and
kv ´ ¹ v ¾2

v ½v (x; y), two casesare relevant: (i ) Limit of
fast viral mutagenesis,kv À kn > 0; (ii ) General case,
kn ; kv > 0.

1. Div ersi¯cation with fast viral mutation

Given kv À kn and a pair of traits (x; y), then a viral
mutant with trait y0 invadeswhenever jy0¡ xj < jy ¡ xj,
i.e., mutant viruses replace one another until y ! x.
This is a consequenceof there beinga singleoptimal viral
trait for every bacterial trait. Subsequent bacterial adap-
tations may then be recastasa one-dimensionaladaptive
dynamics problem, whoseevolutionary ¯xed point satis-
¯es

@r 0
n (x0; x)
@x0 jx 0= x = 0; (B5)

the ¯xed point occurs at the resourceuptake optimum
(x = 0).

The ¯xed point, (x = 0; y = 0), is a locally evolution-
arily stable strategy (ESS) [31] when

@2r 0
n (x0; x)
@x02 jx 0= x =0 < 0; (B6)

or written in terms of the ¯xed points and parameters:

¡
!
»2

n
+ Á0Vc

³ »2
n ¡ »2

v

»2
n »2

v

´
< 0: (B7)

Becausethe system is convergencestable, evolutionary
branching occurs whenever there is not an ESS, i.e.,the
branching criterion is

»n

»v
>

r
1 +

!
Á0Vc

; (B8)

as noted in Sec.I I I.
2. Div ersi¯cation in the general case

The general caseof arbitrarily scaled trait evolution
rates, kn and kv , is signi¯cantly more di±cult than when
kv À kn . For two-dimensional°ows, the useof graphical
pairwise invasibilit y plots [31] for determining evolution-
ary branching is no longer practical. Under certain cir-
cumstances,the solution of an evolutionary ¯xed point
may undergo a Hopf bifurcation depending on the rela-
tiv e trait evolution rates. In higher dimensions(such as
in coevolutionary dynamics) the asymptotic stabilit y of
an evolutionary ¯xed point (xc; yc) is determined by the
Jacobian [18]

J =

2

4 kn
@Fn
@x kn

@Fn
@y

kv
@F v
@x kv

@F v
@y

3

5 j(x = x c ;y = yc ) ; (B9)

where

Fn =
@r 0

n (x0; x; y)
@x0 jx 0= x ; Fv =

@r 0
v (y0; x; y)

@y0 jy0= y :

Evaluation of secondpartial derivatives leads to the
following form for the Jacobian of the adaptive dynam-
ics model whose mutant ¯tness values are presented in
Eqs. (B3) and (B4),

J =

2

4
[¡ !

»2
n

+ Á0Vc( 1
»2

v
¡ 1

»2
n

)]kn ¡ Á0 Vc
»2

v
kn

!
»2

v
kv ¡ !

»2
v
kv

3

5 : (B10)

The condition for asymptotic stabilit y is that TrJ < 0
and DetJ > 0. When the one-dimensional system is
a local ESS satisfying Eq. (B7), algebraic manipulation
reveals that both diagonal terms of the two-dimensional
Jacobian are negative, and hence the two-dimensional
evolutionary ¯xed point is a stable node independent
of the mutation rates (kn ; kv ). The co-ESS condition
is the same as in the case of fast viral mutagenesis:
»n =»v <

q
1 + !

ÁVc
. However when the evolutionary ¯xed

point of the one-dimensionalsystem is not locally evolu-
tionarily stable, then algebraic manipulation of the two-
dimensionalJacobianrevealsthat the diagonal terms are
of opposite signs. We must then replacethe prior condi-
tion for branching, Eq. (B8), with the following:

µ
»v

»n

¶ 2

>
! =(Á0Vc) ¡ kv =kn

! =(Á0Vc) + 1
; (B11)

as noted in Sec.I I I.



9

[1] P. Abrams. The evolution of predator-prey interactions.
Annual Review of Ecology and Systematics, 31:79{105,
2000.

[2] S. Acinas, V. Klepac-Ceraj, D. Hunt, C. Pharino, I. Cer-
aj, D. Distel, and M. Polz. Fine-scalephylogenetic archi-
tecture of a complex bacterial communit y. Nature, 430:
551{4, 2004.

[3] M. Ackermann and M. Doebeli. Evolution of niche width
and adaptiv e diversi¯cation. Evolution , 58:2599{2612,
2004.

[4] R. A. Armstrong and R. McGehee. Competitiv e exclu-
sion. American Naturalist, 115:151{70, 1980.

[5] E. Beretta, F. Solimano, and Y. Tang. Analysis of a
chemostat model for bacteria and virulen t bacteriophage.
Discrete Continuous Dyn. Syst., 2:495{520, 2002.

[6] A. A. Berryman. The origins and evolution of predator-
prey theory. Ecology, 73:1530{5, 1992.

[7] B. Bohannan, B. Kerr, C. Jessup, J. Hughes, and
G. Sandvik. Trade-o®s and coexistence in microbial
microcosms. Antonie van Leeuwenhoek, 81:107{15, 2002.

[8] B. Bohannan and R. Lenski. E®ect of resource enrich-
ment on a chemostat communit y of bacteria and bacte-
riophage. Ecology, 78:2303{15, 1997.

[9] B. Bohannan and R. Lenski. Linking genetic change to
communit y evolution: insights from studies of bacteria
and bacteriophage. Ecology Letters, 3:362{77, 2000.

[10] M. Boots and Y. Haraguchi. The evolution of costly resis-
tance in host-parasite systems.American Naturalist, 153:
359{70, 1999.

[11] F. Brauer and C. Castillo-Chavez. Mathematical Models
in Population Biology and Epidemiology. Springer, New
York, 2001.

[12] A. Buckling and P. Rainey. The role of parasites in sym-
patric and allopatric host diversi¯cation. Nature, 420:
496{9, 2002.

[13] L. Chao, B. R. Levin, and F. M. Stewart. A complex
communit y in a simple habitat: an experimental study
with bacteria and phage. Ecology, 58:369{378, 1977.

[14] A. Charbit. Malto destrin transport through LamB. Fron-
tiers in Bioscience, 8:S265{74, 2003.

[15] A. Charbit and M. Hofnung. Isolation of di®erent bac-
teriophages using the LamB protein for adsorption on
Escherichia coli K-12. Journal of Vir ology, 53:667{71,
1985.

[16] T. Cooper, D. Rozen, and R. Lenski. Parallel changesin
geneexpressionafter 20,0000generations of evolution in
Escherichia coli . Proceedings of the National Academy of
Sciences, USA, 100:1072{7, 2003.

[17] V. Cooper and R. Lenski. The population genetics of
ecological specialization in evolving E. coli populations.
Nature, 407:736{9, 2000.

[18] U. Dieckman, P. Marrow, and R. Law. Evolutionary
cycling in predator-prey interactions: population dynam-
ics and the Red Queen. J. Theor. Biol. , 176:91{102,1995.

[19] U. Dieckmann. Adaptiv e dynamics of pathogen-host
interactions. In Adaptive Dynamics of Infectious Dis-
eases: In Pursuit of Virulenc e Mangagement, pages39{
59. Cambridge Univ ersity Press, Cambridge, UK, 2002.

[20] U. Dieckmann and M. Doebeli. On the origin of species
by sympatric speciation. Nature, 400:354{7, 1999.

[21] U. Dieckmann and R. Law. The dynamical theory of

coevolution: a derivation from stochastic ecological pro-
cesses.J. Math. Biol. , 34:579{612, 1996.

[22] U. Dieckmann, J. Metz, M. Sabelis, and K. Sigmund,
editors. Adaptive Dynamics of Infectious Diseases: In
Pursuit of Virulenc e Management. Cambridge Univ ersity
Press, Cambridge, UK, 2002.

[23] M. Doebeli and U. Dieckmann. Evolutionary branching
and sympatric speciation causedby di®erent typesof eco-
logical interactions. American Naturalist, 156:S77{101,
2000.

[24] M. Doebeli and U. Dieckmann. Speciation along envi-
ronmental gradients. Nature, 421:259{64, 2003.

[25] M. Dyb dahl and A. Storfer. Parasite local adaptation:
Red Queen versus Suicide King. Trends in Ecology and
Evolution , 18:523{30, 2002.

[26] D. Dykhuizen and A. Dean. Evolution of specialists in an
experimental microcosm. Genetics, 167:2015{26, 2004.

[27] M. Egas, U. Dieckmann, and M. Sabelis. Evolution
restricts the coexistenceof specialists and generalists: the
role of trade-o® structure. American Naturalist, 163:518{
31, 2004.

[28] S. Forde, J. Thompson, and B. Bohannan. Adapta-
tion varies through spaceand time in a coevolving host-
parasitoid interaction. Nature, 431:841{4, 2004.

[29] G. F. Gause. The Struggle for Existence. Wilkins and
Wilkins, Baltimore, MD, 1934.

[30] K. Gehring, A. Charbit, E. Brissaud, and M. Hofnung.
Bacteriophage ¸ receptor site on the Escherichia coli K-
12 LamB protein. Journal of Bacteriology, 169:2103{6,
1987.

[31] S. A. H. Geritz, J. A. J. Metz, E. Kisdi, and G. Mesz¶ena.
The dynamics of adaptation and evolutionary branching.
Phys. Rev. Lett., 78:2024{2027,1997.

[32] M. Horne. Coevolution of escherichia coli and bacterio-
phagesin chemostat culture. Science, 168:992{3, 1970.

[33] J. Hughes, J. Hellmann, T. Ricketts, and B. Bohannnan.
Counting the uncountable: statistical approachesto esti-
mating microbial diversity. Applied and Envir onmental
Micr obiology, 67:4399{406, 2001.

[34] G. Hutchinson. The paradox of the plankton. American
Naturalist, 95:137{45, 1961.

[35] G. E. Hutchinson. Homage to Santa Rosalia, or why are
there so many kinds of animals? American Naturalist,
93:254{9, 1959.

[36] D. Kendall. On the generalized \birth and death" pro-
cess.Annals of Mathematical Statistics, 19:1{15, 1948.

[37] O. Leimar. Multidimensional convergencestabilit y and
the canonical adaptiv e dynamics. In U. Dieckmann and
J. Metz, editors, Elements of Adaptive Dynamics. Cam-
bridge Univ ersity Press, Cambridge, UK, in press.

[38] R. Lenski. Coevolution of bacteria and phage: are there
endless cycles of bacterial defensesand phage counter-
defenses? Journal of Theoretical Biology, 108:319{25,
1984.

[39] R. Lenski. Dynamics of interactions betweenbacteria and
virulen t bacteriophage. Advances in Micr obial Ecology,
10:1{44, 1988.

[40] R. Lenski and B. Levin. Constraints on the coevolution of
bacteria and virulen t phage: a model, someexperiments,
and predictions for natural communities. American Nat-
uralist, 125:585{602, 1985.



10

[41] B. Levin, F. Stewart, and L. Chao. Resource-limited
growth, competition, and predation: a model and exper-
imental sudies with bacteria and bacteriophage. Ameri-
can Naturalist, 111:3{24, 1977.

[42] S. Luria and M. DelbrÄuck. Mutations of bacteria from
virus sensitivit y to virus resistance. Genetics, 28:491{
511, 1943.

[43] P. Marrow, U. Dieckmann, and R. Law. Evolutionary
dynamics of predator-prey systems: an ecological per-
spective. Journal of Mathematical Biology, 34:556{78,
1996.

[44] C. Matessi and C. Di Pasquale. Long term evolution of
multi-lo cus traits. Journal of Mathematical Biology, 34:
613{53, 1996.

[45] K. Mizoguchi, M. Morita, C. Fischer, M. Yoichi, Y. Tanji,
and H. Unno. Coevolution of bacteriophage PP01 and
Escherichia coli 0157:H7 in contin uous culture. Applied
and Envir onmental Micr obiology, 69:170{6, 2003.

[46] S. Rodin and V. Ratner. Some theoretical aspects of
protein coevolution in the ecosystem\phage-bacteria" I.
the problem. Journal of Theoretical Biology, 100:185{95,
1983.

[47] S. Rodin and V. Ratner. Some theoretical aspects of
protein coevolution in the ecosystem\phage-bacteria" I I.
the deterministic model of microevolution. Journal of
Theoretical Biology, 100:197{210, 1983.

[48] S. Schrag and J. Mittler. Host-parasite coexistence: the
role of spatial refugesin stabilizing bacteria-phage inter-
actions. American Naturalist, 148:348{77, 1996.

[49] H. Smith and P. Waltman. The Theory of the Chemostat:
Dynamics of Micr obial Competition . Cambridge Univ er-
sity Press, Cambridge, UK, 1995.

[50] E. Spanakisand M. Horne. Co-adaptation of Escherichia
coli and Coliphage ¸ vir in contin uous culture. Journal
of General Micr obiology, 133:353{60, 1987.

[51] J. Thirion and M. Hofnung. On some genetic aspects of
phage ¸ resistance in E. coli k12. Genetics, 71:207{16,
1972.

[52] J. Thompson, S. Pacocha, C. Pharino, V. Klepac-Ceraj,
D. Hunt, J. Benoit, R. Sarma-Rupavtarm, D. Distel, and
M. Polz. Genotypic diversity within a natural coastal
bacterioplankton population. Science, 307:1311{3, 2005.

[53] V. Torsvik, L. Ovreas, and T. Thingstad. Prokaryotic
diversity { magnitude, dynamics, and controlling factors.
Science, 296:1064{6, 2002.

[54] L. van Valen. A new evolutionary law. Evolutionary
Theory, 1:1{30, 1973.

[55] J. Venter et al. Environmenetal genomeshotgun sequenc-
ing of the SargassoSea. Science, 304:58{60, 2004.

[56] C. Werts, V. Michel, M. Hofnung, and A. Charbit.
Adsorption of bacteriophage lambda on the LamB pro-
tein of Escherichia coli K-12: point mutations in geneJ
of lambda responsible for extended host range. Journal
of Bacteriology, 176:941{7, 1994.

[57] K. Wommack and R. Colwell. Virioplankton: viruses in
aquatic ecosystems.Micr obiology and Molecular Biology
Reviews, 64:69{114, 2000.


