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We proposea stochastic model of aging to explain deviations from exponential growth in mortalit y
rates commonly observed in empirical studies. Mortalit y rate plateaus are explained as a generic
consequenceof considering death in terms of ¯rst passagetimes for processesundergoing a random
walk with drift. Simulations of populations with age{dependent distributions of viabilities agree
with a wide array of experimental results. The in°uence of cohort size is also well accounted for by
the stochastic nature of the model.

I. INTR ODUCTION

Fundamental studies of the aging processhave of late
attracted the interest of researchers in a variety of dis-
ciplines, linking ideasand theories from biochemistry to
mathematics [1{3]. Much of this recent activit y is due
to the possibility that one of the supposedfundamental
tenetsof aging, namely the exponential growth of mortal-
it y rates proposedby Gompertz [4], may fail to adequate-
ly describe the behavior of observed populations. More
speci¯cally, studies using populations or \cohorts" of S.
cerevisiae, C. elegans, Drosophila, and humans demon-
strate that mortalit y rates tend to level o® and even
decreaseat later stagesof life [5{9]. Attempts have been
madeto explain theseplateausvia parabolic hazard func-
tions [10], age{dependent demographics[11, 12], and phe-
nomenologicalbifurcation models [8]. In this paper we
proposea simple model that incorporates heterogeneous
dynamicsto explain the genericplateau in mortalit y rates
commonly observed in large cohorts of organisms.

Considera population of N organismswith a distribu-
tion of viabilities, vi ¸ 0, where vi = 0 signi¯es death.
The dynamics of an individual viabilit y will be modeled
as follows,

vi (t + 1) = vi (t) ¡ ² + ¾Âi (t); (1)

where ² > 0 is a constant drift, ¾ > 0 is the standard
deviation of the °uctuations, and Âi (t) is an uncorre-
lated Gaussianrandom variable with zeromeanand unit
standard deviation. The linear declineof viabilit y is justi-
¯ed by the observation of a linear declineof physiological
functions noted by Strehler and Mildv an [13] as well as
similar results in more recent surveys [14]. The stochas-
ticit y in the system may be related to the competition
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for resources,phenotypic di®erences,local environmen-
tal changes,or even stochastic geneexpression[15] but
does not necessarilydepend on heterogeneity in the ini-
tial genotypic distribution. The inclusion of stochasticity
at the individual level implies that Eq. 1 may be consid-
ereda changing frailt y model asopposedto a ¯xed frailt y
model. A ¯xed frailt y model preservesany initial hetero-
geneity in v throughout each individual lifespan [16].

Biologically, this model states that each organism
drifts towards death but may, with low probabilit y, occa-
sionally increaseits long term chancesfor survival. The
probabilit y of dying at time t is equivalent to the prob-
abilit y of ¯rst passagetime P(tjv0) of a random walk
which begins at v = v0 and reaches the origin, v = 0,
at time t. The likelihood of death is controlled by the
relative strength of drift and °uctuations. In this paper
we explain the basicmechanism associated with ¯rst pas-
sagetime problemsand then proceedto show how such a
model capturesthe essential featuresof late life mortalit y
plateaus.

I I. THEOR Y

Eq. 1 may be better understood by considering the
limits of vanishing noiseand then vanishing drift. When
¾ ! 0, the organisms move in lock step towards an
inevitable death. The hazard rate, ¹ (t), may be solved
at t > 0 for any initial distribution of viabilities, n0(v),

¹ (t) =
D(t)

N0 ¡
P t ¡ 1

t 0=0 D(t0)
; (2)

where N0 is the total number of initial organisms and
D(t) is the number of organismswho die at time t,

D (t) =
Z ²t

² ( t ¡ 1)
dvn0(v): (3)

For a uniform distribution of initial viabilities, 0 <
vi (0) < 1, the hazard rate reducesto

¹ (t) =
²

1 ¡ ²t
;

¼ ² exp(²t ); ²t ¿ 1: (4)

Typesetby REVTEX



2

In the limit of slow drift the hazard rate grows exponen-
tially for small t and continuesto grow until the systemis
left desolateat t = 1=². At intermediate times the hazard
rate is not exponentially increasingas one might expect
from a Gompertz model. Regardlessof its preciseform,
the monotonic increaseof mortalit y rates asevidencedin
this simple exampleleadsto the natural questionof what
causesmortalit y rates to plateau in populations of fruit
°ies, yeast, and other organisms.

The ¯rst step in answering this question is to consider
the other limit of Eq. 1, namely ² ! 0, when °uctuations
dominate the dynamics. In this regime an individual
viabilit y vi (t) follows a random walk that endswhen v ·
0. Qualitativ ely the removal of individuals with v · 0
is tantamount to increasing the averageviabilit y of the
remaining cohort. With time the averageviabilit y should
increase,and therefore the hazard rate should decrease.
It is important to note that as the population dies o®
it will becomemore susceptibleto °uctuations and may
exhibit an intermitten t rise in hazard rate near complete
elimination. This caveat notwithstanding we begin to
seewhy the combination of these two e®ects,drift and
°uctuations, might give rise to just the sort of behavior
observed in large scalemortalit y studies.

In order to simplify the analytical calculation of hazard
rates we rewrite Eq. 1 in the caseof continuous time,

dvi = ¡ ²dt + ¾dWi (t); (5)

whereWi (t) is a stochastic Wiener processwhich satis¯es
dWi (t0)dWj (t) = ±ij ±(t0 ¡ t)dt. The di®erencebetween
Eq. 1 and Eq. 5 is partly a matter of analytical con-
venience [17], however the dynamics of aging may be
intimately related to reproductive scheduleswhich would
imply the bulk of aging takes place at discrete intervals
(e.g. cell division in yeast) as opposed to taking place
via a continuous processof senescence.The qualitativ e
behavior of both models is essentially equivalent.

The closedform expressionfor the probabilit y of cross-
ing the origin at t given an initial viabilit y v0, e.g. the
probabilit y of dying between t and t + dt, for systems
behaving according to Eq. 5 is

P(tjv0) =
v0p

2¼¾2t3
exp

½
¡

(v0 ¡ ²t )2

2¾2t

¾
: (6)

This probabilit y distribution is known as the inverse
Gaussian distribution [18{21]. Researchers have con-
sidered its importance in the context of a broad range
of lifetime problems [22]; for example it has proved use-
ful in analyzing marriage durations [23], speciesextinc-
tions [24], and even the shelf life of food [25]. Other
stochastic models of mortalit y have been proposed [26,
27] but, to our knowledge,nonehasrecognizedthe impor-
tance of the inverseGaussiandistribution in the context
of late life mortalit y plateaus.

Given an initial distribution of viabilities, n0(v), the
hazard rate in the continuous model (5) can be written
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FIG. 1: Mortalit y rates according to Eq. 9 with ¿ = 10 and
¿r = 2, 50 and 150 corresponding to the solid, dashed, and
dot-dashed curves, respectively, in the ¯gure.

as

¹ (t) =
D(t)

N0 ¡
Rt

0 dt0D(t0)
; (7)

where

D(t) =
Z 1

0
dvn0(v)P(tjv) (8)

is the density of individuals dying as a function of age.
For a completely homogeneouspopulation, with vi (t) =
v0 and N0 individuals, D (t) = N0P(tjv0). For arbitrary
heterogeneouspopulations D(t) may be calculated ana-
lytically or computednumerically. In the caseof homoge-
neouspopulations, e.g.v0 = 1 for all individuals at t = 0,
the hazard rate can be expressedanalytically as [28]

¹ (t) =
(¿r =2¼t3)1=2 exp

¡
¡ ¿r (t ¡ ¿)2=2¿2t

¢

1 ¡
H

³ p
¿r
2 t (1 ¡ t=¿ )

´

2 ¡ e
2¿r

¿
H

³ p
¿r
2 t (1+ t=¿ )

´

2

; (9)

where ¿ ´ v0
² , ¿r ´ v2

0
¾2 , and H (x) is the complementary

error function [29].
Although the expressionfor hazard rate is complicat-

ed, the behavior is controlled by two time scales:¿, cor-
responding to the mean lifetime, and ¿r , corresponding
to the mean time for an organism to change its viabili-
ty by v0 via °uctuations alone. The mean lifetime does
not depend on ¾, the parameter responsible for changing
frailt y, although the variance of the lifetime (as well as
higher moments) do depend on both ² and ¾.
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In Fig. 1 we show theoretical hazard rate curveswhen
¿ = 10 and ¿r = 2, 50 and 150. When ¿r À ¿, the sys-
tem is dominated by drift, and hazard rates will increase
rapidly after a brief delay at the initial stagesbefore lev-
eling o®. When ¿r ¿ ¿, the system is dominated by
°uctuations and hazard rates will actually decline with
ageafter a brief increase. Finally, when ¿r > ¿ but still
of the sameorder of magnitude, the system will exhibit
an initial increasein hazard rate followed by a plateau.
A range of behavior from essentially monotonic growth
to plateaus to plateaus followed by declines is possible.
Chhikara and Folks [30] have reached similar conclusions
for the \failure rate" of any system whoseprobabilit y of
¯rst passagetimes is modeled by Eq. 6. However, the
rapid increaseof hazard rate in all casesis slower than
exponential. As it stands, the model is insu±cient to
explain mortalit y curvesthat have sustainedGompertz{
type behavior at intermediate times. It is worth noting
that any decreasein ² leads to an increasein the mean
survival time, ¿, as well as a postponement of the onset
of the plateau, consistent with recent work on human
populations [31].

One important point is that the asymptotic hazard
rate for the inverseGaussiandistribution is nonzero,e.g.
lim t !1 ¹ (t) > 0. However for ¯nite sizepopulations the
°uctuations inevitably lead to the eventual declineof the
entire population, and therefore ¹ (t) = 1 at some¯nite
value of t. The results of numerical simulations of Eq. 1
can be found in Fig. 2. Notice that the genericshape of
the curvesare the sameas those found in Fig. 1, though
the presenceof °uctuations becomesimportant as the
cohort dwindles in number.

Becausethe presenceof plateausis in somesenserelat-
ed to the di®erencebetween the most and least ¯t indi-
viduals in the cohort it is alsouseful to calculate the ratio
betweenthe viabilit y of the those individuals closestand
farthest from death. If we denote ¹vT

x as the averagevia-
bilit y of the top x fraction of individuals and ¹vB

x as the
averageviabilit y of the bottom x fraction of individuals
then the ratio of the most ¯t to least ¯t can be expressed
as r x = ¹vT

x =¹vB
x . In the stochastic simulations of Fig. 2

the ratio betweenthe top 10%to the bottom 10%levelled
o®at approximately r 0:1 = 15, 30, and 40 in the caseof
¿ = 10 and ¿R = 2, 50 and 150 respectively. Even if
such analysis doesnot constitute a formal proof, it does
provide reassuringevidencethat the ¯tness gap between
the most and least ¯t does not grow without bound in
this model.

I I I. APPLICA TION TO MOR TALITY RA TE
D ATA

The usefulnessof this simple model is to seewhether
experimental data, speci¯cally thoseexhibiting mortalit y
plateaus, match with the predictions of theory. Given a
setof times X i specifying the lifespanof N organisms,the
maximum likelihood estimates(MLE) of the parameters
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FIG. 2: Mortalit y rates obtained via numerical simulations
of a homogeneouspopulation of N = 106 organisms whose
dynamics is that of Eq. 1, with v0 = 1, ¿ = 10 and ¿r = 2, 50
and 150 corresponding to the solid, dashed, and dot-dashed
curves, respectively, in the ¯gure. Note that ² = 1=¿ and
¾= ¿¡ 1=2

r .

² and ¾in Eq. 6 are

²̂ = ¹X ¡ 1 =

Ã
1
N

NX

i =1

X i

! ¡ 1

(10)

and

¾̂=

"
1
N

NX

i =1

µ
1

X i
¡

1
¹X

¶ # 1
2

; (11)

where v0 = 1 may be speci¯ed a priori. Using theseesti-
mates of parameters we now compare empirical obser-
vations to the analytical hazard rate assuminga homo-
geneousdistribution as well as to the results of simula-
tions. The empirical data on which we concentrate for
the remainder of the paper is from an experiment where
N0 = 1203646genetically identical °ies wereobserved for
nearly six months and the number of deathswererecord-
ed on a daily basis [5].

The MLE estimates of the parameters are ²̂ = 0:0448
and ¾̂ = 0:0975, which corresponds to ¿̂ = 22:3 and
¿̂R = 105. In Fig. 3 we compare theoretical predictions
for the survival probabilit y,

s(t) =
N0 ¡

Rt
0 dt0D(t0)
N0

; (12)

and the probabilit y distribution P(t) in Eq. 6 to those
calculated from the experimental data set. Notice the
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FIG. 3: Survival probabilit y at time t for experimental cohorts
and theoretical predictions based on Eq. 6 where ²̂ = 0:0448
and ¾̂= 0:0975. The inset is a comparison of the probabilit y
of dying at time t between experimental and theory. In both
casesopen circles signify data points from Carey et al. [5] and
solid lines are predictions from theory.

good agreement, not only with the survival probabilit y
(which is essentially a cumulativ e measure)but with the
actual probabilit y distribution of dying at a given age.

Using theseMLE estimatesas a basisfor further com-
putational studies, we simulated Eq. 1 using v0 = 1 and
calculated the mortalit y rates for various sizecohorts. In
Carey et al. [5] mortalit y rate is plotted against time for
cohorts of di®erent sizes. Not surprisingly the mortal-
it y rate is ill-de¯ned for small cohorts and well-de¯ned
for large cohorts until mortalit y rate levels o® and then
exhibits strong °uctuations about a mean. In order to
compare against experimental data we generated ran-
dom cohorts by sampling from the °y mortalit y data of
Carey et al [5]. Fig. 4 demonstrates how stochasticity
and drift leads to both plateau and size-dependent °uc-
tuations very much in agreement with real data. The
agreement should make it clear that small cohorts essen-
tially veil the presenceof mortalit y plateauswhich would
otherwise be evident in larger populations.

IV. DISCUSSION

This model of aging is in many ways an ideal construct.
There is no upper limit on viabilit y, no time-dependent
drift to re°ect developmental stagesor the in°uence of
natural selection, and no organism-organisminteraction
terms which might be important in large cohorts with
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FIG. 4: Age-speci¯c mortalit y rates for cohorts of sizesrang-
ing from n = 25 to n = 100000. Going from top to bottom,
rows 1 and 3 are randomly sampled from experimental data.
Rows 2 and 4 are from simulations of Eq. 1 using MLE esti-
mates as explained in the text.

limited resources.Modi¯cations to the model could per-
haps lead to better agreement with data but would not
alter the main point we are trying to emphasize. The
models we propose, Eq. 1 and Eq. 5, and the behav-
ior they exhibit demonstrate that mortalit y plateaus are
a generic consequenceof classifying lifespan as a ¯rst-
passagetime problem for a random walk with drift. It is
also important to note that although generic, mortalit y
plateaus are not an inevitable outcome of this model for
¯nite sizecohorts.

There has been a long{standing interest on the e®ect
of heterogeneity on mortalit y rates, though models have
typically relied on notions of \¯xed" frailt y where indi-
viduals are ¯xed at the samerelative risk compared to
others in the same cohort [16]. In the context of the
present model this is analogousto having v0 di®eramong
individuals but changeby drift alone. However, a review
of gerontological studies show that the variabilit y of a
majorit y of biological and cognitive health indicators
tends to increasewith age [32]. Likewisea longitudinal
study of blood pressureamongnearly 4000men over a 40
year period found increasing variabilit y with increasing
age[33]. Theseempirical results on age{related variabil-
it y are more compatible with a changing frailt y model,
even if some combination of changing and ¯xed frailt y
models are ultimately necessaryto explain gerontologi-
cal data.
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It is only in the past half-century that substantiv e the-
orieshave beenproposedto explain the underlying caus-
es as well as the de¯nition of aging. Di®erent aging
mechanisms are thought to involve oxidativ e damage
from free-radicals [34, 35], senescencegenes[36], short-
ening telomeres[37], programmed cell death [38], simple
\clogging" of cellular machinery in the nucleolus from
hyper-replication of rDNA plasmids [39], mitotic misreg-
ulation [40], and of course combinations of all of these
as well [3, 41]. The implications of these and other
explanationsof aging for population level mortalit y rates
have not beenwell established. Subsumingthesevarious
mechanismsinto a singlemeasureof viabilit y leadsto the
natural question of how ² and ¾are correlated with body
size, environmental conditions, and even genetic di®er-
ences,if at all.

In order to test the model onemight attempt a seriesof
experiments wherein a deleterious treatment (e.g. radi-
ation, DNA damaging agents, etc.) could be used to
arti¯cially control the level of environmental °uctuations
in°uencing viabilit y. For example, one might consider

exposing a cohort of Drosophila to normally distributed
levels of treatment with a non{zero level of treatment as
control. In this way it would bepossibleto test the e®ects
of increasing°uctuations ¾with a ¯xed ² on cohort mor-
talit y rates.

Although this model demonstrateswhy an aging pro-
cessshould exhibit mortalit y plateaus, it doesnot claim
to uncover the fundamental causesof aging. Bridging the
gap between the causesand the consequencesof aging
would provide a natural framework to explain how dif-
ferent mechanismsof aging lead to di®erent typesof mor-
talit y curves.
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